Consider two series
Introduction
Various authors considered series which converge or diverge depending on number-theoretical properties of their parameters. A century ago G.H. Hardy and J.E. Littlewood [4] , inter alia, investigated the series It follows from their results that these series diverge for all irrational θ when α ≤ 1 2 , and converge for all irrational numbers θ with bounded partial quotients (for example, quadratic irrationals) when α > 1 2 . 1 They also constructed examples of irrational θ, for which both series diverge for all α ≤ 1.
G. I. Arkhipov and K. I. Oskolkov [1] considered the series
Their brilliant result states that it converges for all real θ if k is odd. Moreover, they point out such values of θ for which the series diverges for any even k. In 2011, E. Laeng and V. Pata [7] presented a convergence-divergence test for series of nonnegative terms which fail to be monotonic. As an application of the test the authors prove the convergence of one series involving the linear function of cos n raised to the n-th power, using the fact that the irrationality measure of π is finite.
In this paper we combine methods of analysis and number theory to investigate two series
cos n πθn n α .
Since they converge absolutely for α > 1, from now on we keep in view the case α ≤ 1. It will be shown that number-theoretical properties of θ have a strong effect on the convergence. In case of rational θ we prove the following statements. Next, we proceed to the case of irrational θ. Recall the following definition from the theory of Diophantine approximations: the irrationality measure (or irrationality exponent) of real number θ is the infimum µ(θ) of the set of positive real numbers µ for which
holds for (at most) finitely many solutions p/q with p and q integers. If no such µ exists we set µ(θ) = +∞ and say that θ is a Liouville number. It follows from this definition that if θ is a number with finite irrationality measure µ, then for all δ > 0 there exists a constant c = c(θ, δ) > 0 such that the inequality
is true for all integers p and q ≥ 1.
Note that µ(θ) = 1 if and only if θ is rational, and famous Roth's theorem [2, Chapter VI] states that for irrational algebraic numbers it holds µ(θ) = 2. For transcendental θ we have µ(θ) ≥ 2.
Theorem 3. Let θ be an irrational number with finite irrationality measure
, then both series
cos n πθn n α converge absolutely.
As a corollary we immediately obtain that both series converge absolutely for any irrational algebraic number θ when α > 1 2 . For instance, using the well known result µ(e) = 2 and the recently obtained estimate µ(1/π) = µ(π) ≤ 7.6063 . . . from [8] we see that both series
converge absolutely for α > Yet, we submit another (and more simple) proof which is independent of Theorem 3 and involves methods of real analysis.
In addition to the investigation of the case of irrational θ, we construct the set of transcendental numbers for which both series converge only for α > 1.
Theorem 5.
There exists such an everywhere dense in R set of irrational numbers E, that for any ξ ∈ E both series
1 Proof of Theorem 1 1) Decompose the series into the sum of q series each corresponding to values n ≡ a (mod q), a = 1, 2, . . . , q:
We start with p even, p = 2p 1 . Since (p, q) = 1, we obtain that q is odd. Among the numbers cos
, a = 1, 2, . . . , q, all but one lie in the interval (−1; 1). Indeed, if a = q, then cos
noninteger, hence cos
. Thus in this case the series can be written as
Since | cos q 2πap 1 q | < 1, the first q − 1 series in the sum converge absolutely, and the last series diverges for 0 < α ≤ 1. Therefore the series under consideration diverges to +∞.
Next, let q = 2q 1 and p is odd. The equality cos(
+ πpl) = ±1 is equivalent to ap ≡ 0 (mod 2q 1 ) which holds only when a = q = 2q 1 . Hence the series can also be represented as
In the same way as in the previous case we observe that the series diverges to +∞.
2) Let both p, q be odd. Decompose the series into the sum of 2q series each corresponding to values n ≡ a (mod 2q), a = 1, 2, . . . , 2q:
The equality cos πap q = 1 is equivalent to ap ≡ 0 (mod 2q) which holds only when a = 2q, because p and 2q are coprime. Next, cos πap q = −1 means that ap ≡ q (mod 2q), which has a unique solution a = a 0 , 1 ≤ a 0 ≤ 2q − 1. Note that a 0 is odd. Hence | cos πap q | < 1 whenever a = a 0 and a = 2q. Rewriting the series as
we conclude that 2q − 2 series in the first sum converge absolutely. Now
for l → ∞. Since α + 1 > 1, the series converges. It remains to be seen that the series of absolute values
evidently diverges, thus the series under consideration converges conditionally.
Proof of Theorem 2
By analogy with the previous proof, decompose the series into the sum of 2q series:
2) Let q = 2q 1 , where q 1 is odd. Then the equality
+ 2πk holds if and only if ap ≡ q 1 (mod 4q 1 ). Since (p, 4q 1 ) = 1, the congruence has a unique solution a ≡ a 0 (mod 4q 1 ) where 1 ≤ a 0 < 4q 1 = 2q. In a similar way,
+ 2πk is equivalent to ap ≡ −q 1 (mod 4q 1 ), which is true only for a = 2q − a 0 . Note that a 0 is odd. Then for a = a 0 , a = 2q − a 0 it holds | sin πap q
It converges conditionally, since the series of absolute values
3) After all, let q = 4q 1 . Then the equality
+ πk is equivalent to ap ≡ 2q 1 (mod 4q 1 ). Since (p, 4q 1 ) = 1, the congruence has a unique solution a ≡ a 0 (mod 4q 1 ) where 1 ≤ a 0 < 4q 1 = q and a 0 is even. Thus the series under study can be rewritten as
and therefore diverges to +∞. This completes the proof.
Proof of Theorem 3
We assume that θ > 0 and prove that the series . The sin-series can be considered in the same way. Since this is the series of absolute values, by the well-known fact its convergence is independent of the permutation of its terms. Thus the series can be represented as We need an upper estimate for S ε , where ε is fixed and small enough (greater values of ε have an effect on at most finitely many terms of the series ). For that purpose we prove the following statement. Then for all δ ∈ (0; ν) there exists such a number A = A(θ, δ) > 0 (independent of ε) that for all positive integers k the following inequality holds:
Proof. Let m = n k and n = n k+1 be two neighbor terms of
Dividing by lθ > 0 we get an estimate
Here we also used the inequality arccos(1 − ε) < 2 √ ε which holds when 0 < ε < 1. Indeed, for the function f (x) = arccos(1
has a finite irrationality measure µ, thus for all δ ′ > 0 the inequality
> 0 and A = 1 2θ πθc 4 1 µ−1+δ ′ is independent of ε. Finally, we note that an analogous argument leads to the same estimate for n 1 . Thus the statement of lemma follows by induction.
Next, we apply Lemma 3.1 to handle S ε . Since n k ≥ Akε −ν we have
For α = 1 and α < 1 we suggest different approaches. Let α = 1. Since
we set z = (1 −
)
Aε −ν+δ and obtain
Hence the series
Again put z = (1 −
Thus the series
Analytic proof of Theorem 4
For the reason of periodicity it is enough to prove the convergence for almost all real θ from [0; 1] when α > . We consider the sin-series; one can easily handle the cos-series in a similar way. Since
where
, hence the series with integral terms 5 Divergence of the series on an everywhere dense set
In this section we reveal that every interval contains irrational numbers θ with infinite irrationality measure for which both series diverge for all α ≤ 1. This shows that the result analogous to Theorem 3 doesn't hold for such numbers. First, we need the following lemma on the rate of divergence of the series under consideration for some rational θ. 
Proof. In the proof of Theorem 2 we established the following representation of the sin-series partial sum:
Since for a = a 0 , a = q + a 0 all the series
converge absolutely for all α, there exists such an integer A q depending only on q that
Now it can be easily seen that
The analogous inequality for the cos-series can be proved in the same way using proof of Theorem 1.
Proof of Theorem 5.
Our goal is to show that every interval (x 1 ; x 2 ) ⊂ R contains such an irrational number ξ that both series
cos n πξn n α diverge for all α ≤ 1. This construction uses the idea similar to the one implemented in [4] . We start with choosing an integer u and positive integers b 1 < b 2 < . . . < b s < ν 1 for which both numbers
fall in the interval (x 1 ; x 2 ); evidently, these numbers exist. Let
, where p is odd and q = 2 ν 1 is divisible by 4, both series
cos n πξ 1 n n α diverge to +∞ by virtue of Theorems 1 and 2. We recurrently define ν 2 , ν 3 , . . . so that ν k+1 = 2 ν k +2 (A 2 ν k + k + 4) + 2ν k + 3, where A 2 ν k is provided by Lemma 5.1, and set
therefore ξ ∈ (x 1 ; x 2 ), which satisfies our needs. Now we are ready to show that for every positive integer k there exists such a number N k that and the same one for the cos-series. Next, by the mean value theorem
Since by construction
in line with the choice of ν k+1 we have
which is the required result. The same lower bound for the partial sum of the cos-series can be easily obtained quite the same way.
In conclusion we note that the set E from Theorem 5 consists solely of Liouville numbers.
